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In 1935, Carlitz introduced analogues of Bernoulli numbers for
Fq[t]. These are now called Bernoulli–Carlitz numbers Bm . He
proved a von Staudt type theorem, with a much more subtle
statement than the classical one, describing their denominators
completely. As an analog of the important relative Bm/m of
the usual Bernoulli number Bm , Thakur considered an analog
Bm(m − 1)!C/m!C , where m!C is the Carlitz factorial. He described
their denominator fully except when q = 2 and m has a particular
form. The purpose of this paper is to completely describe this last
remaining situation. Also, we shall see that a group of symmetries
recently discovered by Goss may be realized as symmetries of our
results.
© 2011 Published by Elsevier Inc.
1. Introduction
In 1935, L. Carlitz introduced and studied in positive characteristic analogues of Bernoulli num-
bers [Car35], for which he was able to prove an analogue of the von Staudt–Clausen theorem [Car37,
Car40]. See [Gos78] for an exposition in a self-contained and modern notation and [Gek89] for some
identities between these analogues of Bernoulli numbers. We also refer to [Gos96,Tha04] for various
related theorems for them and perspective of function ﬁeld arithmetic.
Let us recall the classical situation. Bernoulli numbers Bm and their relatives Bm/m are important
in various branches of mathematics. See e.g., [MS74,Leh88] and [Tha04, 4.16]. The von Staudt–Clausen
theorem determines the fractional part of Bernoulli numbers. Speciﬁcally, for even m > 0, Bm −∑1/p
is integer, where the sum extends over the primes p such that p − 1 divides m. Hence, the denomi-
nator of Bm is the product of all primes p such that p− 1 divides m. The Lipschitz–Sylvester theorem
says that am(am − 1)Bm/m is integer for any integer a. Combining the two, it follows easily (choose
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Bm/m are exactly the same.
For m a multiple of q − 1, the Bernoulli–Carlitz numbers Bm are in Fq(t). Carlitz was able to
prove an analogue of the von Staudt–Clausen theorem (Theorem 3.5) over the rational function ﬁeld
K = Fq(t). The q = 2 case is more subtle, as was already noticed by Carlitz in [Car41]. There he gives
a correction if q = 2, for his von Staudt–Clausen type theorem, as originally stated in [Car37,Car40] is
not correct.
Note that Bm/m does not make sense for Bernoulli–Carlitz numbers Bm as m is in characteristic
zero! On the other hand, D. Thakur shows that a good analogue to Bm/m in the function ﬁeld case
is Bm(m − 1)!C/m!C , where m!C denotes the Carlitz factorial. Thakur gives a theorem [Tha04, Theo-
rem 4.16.5] on comparing the prime decomposition of the denominators of Bm and Bm(m− 1)!C/m!C .
The q > 2 case is settled and the case q = 2 was settled except for a sequence of possible exceptions.
The purpose of this paper is to complete this case.
2. Frequently used notation
Z+ {positive integers}
q a power of a prime p, q = pn
Fq a ﬁnite ﬁeld of q elements
A the polynomial ring Fq[t]
K the function ﬁeld Fq(t)
[i] = tqi − t
Di = [i][i − 1]q · · · [1]qi−1
Li = [1][2] · · · [i]
A-even divisible by the number of units of A
x the largest integer not greater than x
3. Bernoulli–Carlitz numbers
Here we concentrate on the A = Fq[t] case, where q = pn , p a prime.
The factorial function for A was deﬁned by Carlitz [Car37] as follows:
Deﬁnition 3.1. Let m ∈ Z+ and let m =∑miqi be its q-adic expansion. Then, the factorial of m is
deﬁned by
m!C :=
∏
i
Dmii .
The Carlitz factorial has divisibility properties analogous to those of the classical factorial [Tha04,
Chapter 4].
Example 3.2.
(1) With this deﬁnition, we have, for instance, that ql!C = Dl .
(2) For any positive integer m, (qm − 1)!C = (q(m − 1))!C . Indeed, if m − 1 =∑νi=0 niqi is the q-adic
expansion of m − 1, then, qm − 1 = q − 1+∑νi=0 niqi+1 is the q-adic expansion of qm − 1.
Now we use the Carlitz factorial to deﬁne the Carlitz’s analogues of Bernoulli numbers. For positive
integer m, deﬁne the Bernoulli–Carlitz numbers Bm ∈ Fq(t) by means of the generating function
z
eC (z)
=
∞∑ Bm
m!C z
m,m=0
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eC (z) =
∞∑
j=0
zq
j
D j
.
Remark 3.3.
(1) Note that the summation deﬁning the Bernoulli–Carlitz numbers Bm contains A-even terms only.
(2) Here, Bm differs from the corresponding Bm in Carlitz’s papers by (−1)m .
(3) For any l, we have [Tha04]
Bplm
(plm)!C =
(
Bm
m!C
)pl
.
We see this by taking the p-th power of the generating function and comparing it by substituting
z with zp .
Deﬁne A(k)m by means of
eC (z)
qk−1 =
∞∑
m=qk−1
A(k)m
m!C z
m. (3.3.1)
Carlitz showed [Car37] that
Bm =
∑
qkm+1
A(k)m
Lk
, (3.3.2)
where A(k)m is integral and a multiple of (q
k − 1)!C . Let C (k)m ∈ A such that A(k)m = C (k)m (qk − 1)!C . Then,
A(k)m
Lk
= C
(k)
m (q
k − 1)!C
Lk−1
1
[k] = C
(k)
m
(D1 · · · Dk−1)q−1
Lk−1
1
[k] . (3.3.3)
Now Lk−1 divides (D1 · · · Dk−1)q−1, and except when q = 2 = k, the primes in [k] of degree less than
k divide the resulting quotient. Further, except for the case q = 2 = k, the irreducible factors of the
denominator of (qk − 1)!C/Lk are all of degree k.
Let m =∑mi pi be the p-adic expansion of m. Let us consider the conditions
h =
∑
mi
n(p − 1) ∈ Z+, q
h − 1 |m. (3.3.4)
Remark 3.4. Carlitz showed [Car37, p. 514] [Car40, p. 63] that if P is a prime of degree k, and k does
not satisfy the conditions (3.3.4), then A(k)m ≡ 0 mod P .
Both classical Bernoulli numbers Bm and Bm/m are important as they occur in many investiga-
tions: power sums, measures and special values of zeta and L-functions and topology, just to mention
a few. See for example Appendix B of Milnor’s book [MS74] for applications to topology. Von Staudt
proved that the primes dividing the denominators of Bm or of Bm/m are exactly the same.
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they do not seem to satisfy congruences of Kummer type. Thakur proved an analogue of Lipschitz–
Sylvester theorem [Tha04, Theorem 4.16.3] for them. (See also weaker variants in [Car37, Theorem 5]
and [Car41, Theorem 3].) But he also noted that it does not imply the primes dividing the denomi-
nators in the analogous situation are the same. Hence both the theorems below describing the two
denominators separately can be considered to be analogs of von Staudt–Clausen theorem!
Let Pk denote the product of all the monic primes of degree k. Now we state Carlitz’s von Staudt–
Clausen type theorem for the Bernoulli–Carlitz numbers.
Theorem 3.5. (Carlitz, see [Car37,Car40,Car41].) Let A = Fq[t], with q = pn, p a prime. Let m ∈ Z+ be A-
even, and let m =∑mi pi be its p-adic decomposition. Let d(m) denote the monic denominator of Bm for A.
Let h be as in (3.3.4). Then,
(1) Let q > 2. If h is an integer and qh − 1 divides m, then d(m) = Ph, otherwise d(m) = 1.
(2) Let q = 2. Let h = 2. If qh − 1 divides m, then d(m) = Ph, otherwise d(m) = 1. Let h = 2. If qh − 1 = 3
divides m, then d(m) = P2 for m a multiple of 2 and d(m) = [2] = P1P2 otherwise. If qh − 1 does not
divide m, then for m not a multiple of 2, d(m) = P1 and otherwise d(m) = 1.
Remark 3.6. For q = 2, the result as originally stated in [Car37,Car40,Gos78] is not correct. A corrected
version is given in [Car41].
Theorem 3.7.
(1) Let q > 2. Then, the primes dividing the denominators of Bm or Bm(m − 1)!C/m!C are the same. In fact,
if qk is the maximum power of q dividing m, and if the denominator of Bm is Ph, then the denominator of
Bm(m − 1)!C/m!C is P k/h+1h .
(2) Let q = 2. Then, the primes dividing the denominators of Bm or of Bm(m− 1)!C/m!C are the same, unless
m is of the form 2 + 2α with α > 1. If 2k is the maximum power of 2 dividing m, and if the denominator
of Bm isD, then the denominator of Bm(m − 1)!C/m!C isDk/h+1 .
(3) Let q = 2. Let m = 2+ 2α , α > 1.
(a) If m ≡ 0 mod 3, then the denominator of Bm(m − 1)!C/m!C is P1P2 = t(t + 1)(t2 + t + 1).
(b) If m ≡ 1 mod 3, then the denominator of Bm(m − 1)!C/m!C is P1 = t(t + 1).
Proof. (1) See [Tha04, Theorem 4.16.5].
Because of practical reasons, we shall prove part (3) before part (2).
(3) Note that for general q,
(m − 1)!C
m!C =
1
Lk
(3.7.1)
where qk is the maximum power of q dividing m.
Let us write Bm = Nm/d(m) with Nm and d(m) coprime.
If m ≡ 0 mod 3, it follows that m = 2 + 22i , (i  1). Then h = 2, qh − 1 = 3 divides m and m is
even. Thus, d(m) = P2 = t2 + t + 1. Since (m − 1)!C/m!C = 1/L1, we have
Bm = Nm
P2
, Bm
(m − 1)!C
m!C =
Nm
P2
1
P1
.
If m = 2+22i+1, then h = 2, qh −1 = 3 does not divide m, and m is even. Thus d(m) = 1. Therefore,
Bm = Nm, Bm (m − 1)!C = Nm 1 .
m!C 1 P1
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that A(1)m = 0. Let k > 2 and 2k − 1  m. Clearly, k does not satisfy (3.3.4). Now, if P is a prime
of degree k, by Remark 3.4 it follows that Pk divides C
(k)
m so that A
(k)
m /Lk belongs to A. Also, from
(3.3.3), it follows that P1 divides A
(k)
m /Lk . Therefore,
Bm = Gm + A
(2)
m
L2
, (3.7.2)
where Gm ∈ Fq[t] is divisible by P1 and
Gm =
∑
qk−1m,k =2
A(k)m
Lk
. (3.7.3)
Let us assume ﬁrst that m = 2+ 22i . Then
A(2)m
L2
= t
2 + t22i
[1][2] =
[2i − 1]2
P21 P2
= N
P2
,
where N = [2i − 1]2/P21 ∈ A and N is relatively prime to P2. By Euclidean algorithm, there are unique
Q (t) and R(t) in A such that N = P2Q (t) + R(t), where R is nonzero and deg R < 2. Since N and
P2 are invariant with respect to the automorphism t → t + 1 of A, it follows that R(t) = R(t + 1),
so that R is not t nor t + 1. Hence R = 1. Now, since N is prime to P21 , then N ≡ 1 mod P21 . Then,
Q (t)P2 ≡ 0 mod P21 . Since P2 and P21 are coprime, it follows that Q ≡ 0 mod P21 . We have
Bm = 1
P2
(Gm + Q + 1),
where P1 divides Gm + Q . Therefore, the numerator of Bm is not divisible by P1.
Now, let m = 2+ 22i+1, (i  1). Then
A(2)m
L2
= t
2 + t22i+1
[1][2] =
[2i]2
P21 P2
.
Thus A(2)m /L2 is in A and is not divisible by P1. Since Bm = Gm + A(2)m /L2, where Gm is divisible by P1,
it follows that the numerator of Bm is not divisible by P1.
(2) Now we turn to the case when m is an integer which is not of the form 2+ 2α , with α > 1. If
k = 0, i.e., if m is odd, by (3.7.1) we have Bm = Bm(m− 1)!C/m!C . Indeed, if h = 2, by the part already
proved by Thakur [Tha04, Theorem 4.16.5], we have that the primes dividing the denominators of Bm
or of Bm(m − 1)!C/m!C are exactly the same.
If m = 4+ 2α , with α > 2, write m = 2m′ , where m′ = 2+ 2α−1. Then,
(2m′ − 1)!C B2m′
(2m′)!C =
(2m′ − 1)!C
(2(m′ − 1))!C
(2(m′ − 1))!C
(m′ − 1)!2C
(
(m′ − 1)!C Bm′
m′!C
)2
= [1][α]
(
(m′ − 1)!C Bm′
m′!C
)2
.
By part (3),
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(2m′)!C =
⎧⎪⎨
⎪⎩
[1][α]N2
m′
P21
if α is even,
[1][α]N2m
P21 P
2
2
if α is odd.
Then, the denominator of Bm(m − 1)!C/m!C is 1 or P22 , depending on α being even or not.
Next we do induction on k > 2. Since,
(2m − 1)!C B2m
(2m)!C = [1][2] · · · [k][α + 1]
(
(m − 1)!C Bm
m!C
)2
,
we see that if prime P divides the denominator of B2m(2m−1)!C/(2m)!C , then divides the denomina-
tor of Bm(m−1)!C/m!C , which by induction hypothesis implies that P divides the denominator of Bm .
The comparison of the Theorem 3.5 statement conditions for m as for qm implies that P divides the
denominator of B2m .
Note that [i] is the product of the monic primes in A whose degree divides i. Then P k/hh is the
maximum power of Ph dividing Lk . Then, it follows that the denominator of Bm(m − 1)!C/m!C is as
claimed. 
Remark 3.8. David Goss notes that our results ﬁt into the setting of his work [Gos11]. Indeed, we
shall see below that the group S(q) (deﬁned below) may be realized as symmetries of our von Staudt–
Clausen type theorem.
Let q be a power of p and let x ∈ Zp . Write x q-adically as
x =
∞∑
i=0
ciq
i
where 0 ci < q for all i. Let ρ be a permutation of the set {0,1,2, . . .}. David Goss deﬁnes [Gos11]
ρ∗(x), x ∈ Zp , by
ρ∗(x) :=
∞∑
i=0
ciq
ρ(i).
Let S(q) be the subgroup of permutations of Zp obtained as ρ varies over all permutations of
{0,1,2, . . .}.
Let ∂(m) denote the denominator of Bm(m−1)!C/m!C for A. The following corollary shows that the
condition that a prime divides ∂(m) satisﬁes the symmetries given by Corollaries 5 and 6 in [Gos11].
Corollary 3.9. Let q be arbitrary. Let P be a prime of degree h. If q = 2 and h = 1, then the condition
vP(∂(m)) > 0 is an invariant of the subgroup S˜4 of S(4) arising from the permutations of {0,1,2, . . .} ﬁx-
ing 0. Otherwise, the condition vP(∂(m)) > 0 is an invariant of the action of S(qh) on the positive integers
divisible by q − 1.
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